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ON ASYMPTOTICAL EXPANSIONS FOR CERTAIN
SINGULAR INTEGRALS: 2-DIMENSIONAL CASE
VLADIMIR B. VASILYEV
Abstract. One discusses a problem of asymptotical behavior for
some operators in a general theory of pseudo differential equations on
manifolds with borders. Using the distribution theory one obtains cer-
tain explicit representations for these operators. These limit distri-
butions are constructed with a help of the Fourier transform, Dirac
mass-function and its derivatives, and well-known distribution related
to the Cauchy type integral.
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1. Introduction
In the theory of pseudo differential equations the main difficulty is
studying model operators in canonical domains according to a local
principle. It declares that for a Fredholm property of a general pseudo
differential operator on a compact manifold one needs an invertibility
of its local representatives in each point of the manifold. The author
wrote many times on a nature of these local representatives, these
are distinct in dependence on a point of a manifold. Each singularity
(half-space, cone, wedge, etc.) corresponds to a certain distribution,
and a convolution with the distribution describes and something else
describe a local representative of an initial pseudo differential operator
in an appropriate point of manifold. All details can be found in au-
thor’s studies [1, 2, 5]. But singularities can be of distinct dimensions
and it is possible such singularities of a low dimension can be obtained
from analogous singularities of full dimension. It means we need to find
distributions for limit cases when some of parameters of singularities
tend to zero. This approach was partially realized in author’s papers
[3, 4], and the latest paper [5] is devoted to multi-dimensional con-
structions. The further author’s idea is the following. If we know the
limit operator for a thin singularity then possible it is zero approxima-
tion for a such thin singularity. It is desirable to obtain an asymptotic
expansion with a small parameter for the distribution corresponding
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to a such singularity. We will consider here a two-dimensional case
and hope these studies will help us to transfer such constructions to a
multi-dimensional situations [5].
2. An initial approximation
To describe a solvability picture for a model elliptic pseudo differen-
tial equation with an operator A
(1) (Au)(x) = v(x),
in multi-dimensional cone Ca+ = {x ∈ R
2 : x2 > a|x1|, a > 0} the
author earlier considered a special singular integral operator [2]
(Kau)(x) =
a
2pi2
lim
τ→0+
∫
R2
u(y)dy
(x1 − y1)2 − a2(x2 − y2 + iτ)2
.
This operator served a conical singularity in the general theory of
boundary value problems for elliptic pseudo differential equations on
manifolds with a non-smooth boundary. The operator (1) is a convolu-
tion operator, and the parameter a is a size of an angle, x2 > a|x1|, a =
cotα.
We will consider two spaces of basic functions for distributions. If
D(R2) denotes a space of infinitely differentiable functions with a com-
pact support then D′(R2) is the corresponding space of distributions
over the space D(R2), analogously if S(R2) is the Schwartz space of
infinitely differentiable rapidly decreasing at infinity functions then
S ′(R2) is a corresponding space of distributions over S(R2).
When a→ +∞ one obtains [3] the following limit distribution
(2) lim
a→∞
a
2pi2
1
ξ21 − a
2ξ22
=
i
2pi
P
1
ξ1
⊗ δ (ξ2) ,
where the notation for distribution P is taken from V.S. Vladimirov’s
books [6, 7], and ⊗ denotes the direct product of distributions. Here δ
denotes one-dimensional Dirac mass-function which acts on ϕ ∈ D(R)
by the following way
(δ, ϕ) = ϕ(0),
and the distribution P 1
x
is defined by the formula
(P
1
x
, ϕ) = v.p.
+∞∫
−∞
ϕ(x)dx
x
≡ lim
ε→0+

 −ε∫
−∞
+
+∞∫
ε

 ϕ(x)dx
x
.
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Our main goal in this paper is obtaining an asymptotical expansion
for the two-dimensional distribution
Ka(ξ1, ξ2) ≡
a
2pi2
1
ξ21 − a
2ξ22
with respect to small a−1. It is defined by the corresponding formula
∀ϕ ∈ D(R2)
(3) (Ka, ϕ) =
a
2pi2
∫
R2
ϕ(ξ1, ξ2)dξ
ξ21 − a
2ξ22
.
3. A decomposition formula for distributions
We will use the standard Maclaurin formula
ϕ(ξ1, ξ2) =
∞∑
k=0
ϕ
(k)
ξ2
(ξ1, 0)
k!
ξk2
and make the change of a variable aξ2 = t, a
−1 = b, then the formula
(3) will become
(Ka, ϕ) =
1
2pi2
∫
R2
ϕ(ξ1, bt)dξ1dt
ξ21 − t
2
.
Then we represent R2 = M ∪ (R2 \M) where M is a square with a
line size N , so we have
(4) (Ka, ϕ) =
1
2pi2

∫
M
+
∫
R2\M

 ϕ(ξ1, bt)dξ1dt
ξ21 − t
2
3.1. A rough decomposition. Let us consider here ϕ ∈ D(R2).
Since a support of ϕ is a compact set we have a one summand in
the formula (4) therefore we might work with the formula
1
2pi2
∫
R2
ϕ(ξ1, bt)dξ1dt
ξ21 − t
2
immediately.
More naturally for the last will be by the following way using Maclau-
rin series
(Ka, ϕ) =
1
2pi2
∞∑
k=0
1
k!
∫
R2
ϕ
(k)
ξ2
(ξ1, 0)b
ktkdξ1dt
ξ21 − t
2
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If t varies in a line segment then bt ∼ b, b → 0, and we can use the
following formal representations [4]
Ka(ξ1, ξ2) =
i
2pi
+∞∑
n=0
(−1)n
n!an
P
1
ξ1
⊗ δ(n)(ξ2).
3.2. A sharp decomposition. Here we consider ϕ ∈ S(R2).
A formal using the Maclaurin formula for the first integral in (4) will
lead to the following result
(5) (Ka, ϕ) =
1
2pi2
∞∑
k=0
bk
k!
+N∫
−N
ϕ
(k)
ξ2
(ξ1, 0)

 +N∫
−N
tkdt
ξ21 − t
2

 dξ1,
and we need to give a certain sense for the expression in brackets.
Let us denote
Tk,N(ξ1) ≡
+N∫
−N
tkdt
ξ21 − t
2
and reproduce some calculations.
First Tk,N(ξ1) ≡ 0, ∀k = 2n − 1, n ∈ N. So the non-trivial case is
k = 2n, n ∈ N. Let us remind T0,∞(ξ1) = pii2
−1ξ−11 [3, 4]. For other
cases we can calculate this integral. we have the following
k = 2,
T2,N(ξ1) = −2N − 2
−1ξ−11 ln
N − ξ1
N + ξ1
+ pii2−1ξ−11 ;
k = 4,
T4,N(ξ1) = −2/3N
3 − 2ξ21N − 2
−1ξ31 ln
N − ξ1
N + ξ1
+ pii2−1ξ31 ;
k = 6,
T6,N(ξ1) = −2/5N
5 − 2/3ξ21N
3 − 2ξ51N − 2
−1ξ51 ln
N − ξ1
N + ξ1
+ pii2−1ξ51 ,
and so on. One can easily write all expressions for arbitrary T2n,N(ξ1).
In general one can write
T2n,N(ξ1) = P2n−1(N, ξ1)− 2
−1ξ2n−11 ln
N − ξ1
N + ξ1
+ pii2−1ξ2n−11
where P2n−1(N, ξ1) is a certain polynomial of order 2n− 1 on variables
N, ξ1.
Therefore instead of the formula (5) we can write
(6) (Ka, ϕ) =
i
2pi
(P
1
ξ1
⊗ δ(ξ2), ϕ)+
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1
2pi2
∞∑
n=1
b2n
(2n)!
+N∫
−N
ϕ
(2n)
ξ2
(ξ1, 0)
(
P2n−1(N, ξ1)− 2
−1ξ2n−11 ln
N − ξ1
N + ξ1
+ pii2−1ξ2n−11
)
dξ1.
Let us describe the polynomial P2n−1(N, ξ1) more precisely. Obvi-
ously
P2n−1(N, ξ1) = c2n−1N
2n−1 + c2n−3N
2n−3ξ21 + · · ·+ c1Nξ
2n−1
1 .
Further we rewrite the equality (6) in the following form
(Ka, ϕ) =
i
2pi
(P
1
ξ1
⊗ δ(ξ2), ϕ)+
1
2pi2
∞∑
n=1
b2n
(2n)!
n∑
k=1
c2k−1N
2k−1
+N∫
−N
ϕ
(2n)
ξ2
(ξ1, 0)ξ
2k−1
1 dξ1−
1
4pi2
∞∑
n=1
b2n
(2n)!
+N∫
−N
ϕ
(2n)
ξ2
(ξ1, 0)ξ
2n−1
1 ln
N − ξ1
N + ξ1
dξ1+
i
4pi
∞∑
n=1
b2n
(2n)!
+N∫
−N
ϕ
(2n)
ξ2
(ξ1, 0)ξ
2n−1
1 dξ1
We will start from two last summands. The second summand does
not play any role because
lim
N→+∞
ln
N − ξ1
N + ξ1
= 0.
The third summand we will represent according to lemma 1 (see
below) taking into account that we can pass to the limit under N →
+∞
i
4pi
∞∑
n=1
b2n
(2n)!
(δ˜(2n−1)(ξ1)⊗ δ
(2n)(ξ2), ϕ)
For the first summand we consider separately the case Nb ∼ 1(N →
∞, b → 0). in other words we consider a special limit to justify the
decomposition. Then
1
2pi2
∞∑
n=1
b2n
(2n)!
n∑
k=1
c2k−1N
2k−1
+N∫
−N
ϕ
(2n)
ξ2
(ξ1, 0)ξ
2k−1
1 dξ1 ∼
1
2pi2
∞∑
n=1
1
(2n)!
n∑
k=1
c2k−1b
2n−2k+1
+∞∫
−∞
ϕ
(2n)
ξ2
(ξ1, 0)ξ
2k−1
1 dξ1.
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Therefore
1
2pi2
∞∑
n=1
1
(2n)!
n∑
k=1
c2k−1b
2n−2k+1
+∞∫
−∞
ϕ
(2n)
ξ2
(ξ1, 0)ξ
2k−1
1 dξ1 =
1
2pi2
∞∑
n=1
1
(2n)!
n∑
k=1
c2k−1b
2n−2k+1(δ˜(2k−1)(ξ1)⊗ δ
(2n)(ξ2), ϕ)
One can note if desirable
c2k−1 = −2(1 +
1
3
+ · · ·+
1
2k − 1
).
4. A local behavior of a boundary operator
Lemma 1.If a distribution a acts on the function ϕ ∈ S(R) by the
following way
(a, ϕ) =
+∞∫
−∞
ξkϕ(ξ)dξ,
then this distribution a is the following
a(ξ) = δ˜(k)(ξ),
where the sign ∼ means here the inverse Fourier transform F−1.
Proof. Indeed we have Fδ = 1, where 1 is an identity in a distri-
bution sense so that F−11 = δ. Since
(F (ϕ(k)))(ξ) = (−1)kξkϕ˜(ξ)
then denoting ψ = F−1ϕ we write
(a, ϕ) = (a, Fψ) =
+∞∫
−∞
ξkψ˜(ξ)dξ = (1, ξkψ˜(ξ)) = (1, FF−1(ξkψ˜(ξ))) =
(F1, F−1(ξkψ˜(ξ))) = (F1, (−1)
kψ(k)(x)) = (δ, (−1)kψ(k)(x)) =
(δ(k), ψ) = (δ(k), F−1ϕ) = (F−1δ(k), ϕ),
so we have the required identity. △
Theorem 1.The following formula
Ka(ξ1, ξ2) =
i
2pi
P
1
ξ1
⊗ δ(ξ2) +
∑
m,n
cm,n(a)δ˜(m)(ξ1)⊗ δ
(n)(ξ2),
where cm,n(a)→ 0, a→ +∞, holds in a distribution sense.
Proof. Returning to the formula (5) and using calculations Tk,N(ξ1)
and lemma 1 we obtain the required assertion. △
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Remark 1. One can easily reconstruct coefficients cm,n(a) starting
from above calculations.
5. Towards a pseudo differential equation
Let us return to the equation (1). We will remind some our pre-
liminary results [1, 2]. The symbol
∗
Ca+ denotes a conjugate cone for
Ca+:
∗
Ca+= {x ∈ R
2 : x = (x1, x2), ax2 > |x1|},
Ca− ≡ −C
a
+, T (C
a
+) denotes a radial tube domain over the cone C
a
+ [7],
i.e. domain in a complex space C2 of type R2 + iCa+.
We consider symbols A(ξ) satisfying the condition
c1 ≤ |A(ξ)(1 + |ξ|)
−α| ≤ c2,
which are elliptic, and the number α ∈ R is called an order of the
operator A.
To describe the solvability picture for the equation (1) we use the
following
Definition. Wave factorization with respect to the cone Ca+ for the
symbol A(ξ) is called its representation in the form
A(ξ) = A6=(ξ)A=(ξ),
where the factors A6=(ξ), A=(ξ) must satisfy the following conditions:
1) A6=(ξ), A=(ξ) are defined for all admissible values ξ ∈ R
2, without
may be, the points {ξ ∈ R2 : |ξ1|
2 = a2ξ22};
2) A6=(ξ), A=(ξ) admit an analytical continuation into radial tube
domains T (
∗
Ca+), T (
∗
Ca−) respectively with estimates
|A±16= (ξ + iτ)| ≤ c1(1 + |ξ|+ |τ |)
±κ,
|A±1= (ξ − iτ)| ≤ c2(1 + |ξ|+ |τ |)
±(α−κ), ∀τ ∈
∗
Ca+ .
The number κ ∈ R is called index of wave factorization.
For |κ− s| < 1/2 one has the existence and uniqueness theorem [1]
u˜(ξ) = A−16= (ξ)(Kal˜v)(ξ),
where lv is an arbitrary continuation of v on the whole Hs(R2).
Below we denote lv ≡ V .
Theorem 2. If the symbol A(ξ) admits a wave factorization with
respect to the cone Ca+ and |κ − s| < 1/2 then the equation (1) has
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a unique solution in the space Hs(Ca+), and for a large a it can be
represented in the form
u˜(ξ) =
i
2pi
A−16= (ξ)v.p.
+∞∫
−∞
(A−1= V˜ )(η1, ξ2)dη1
ξ1 − η1
+
(7) A−16= (ξ)
∑
m,n
cm,n(a)
+∞∫
−∞
(ξ1 − η1)
m(A−1= V˜ )
(n)
ξ2
(η1, ξ2)dη1
assuming V˜ ∈ S(R2), A−1= V˜ means the function A
−1
= (ξ)V˜ (ξ).
Proof. We need to apply the theorem 1 and to recall correlations
between distributions and pseudo differential operators. It proves the
theorem. △
Remark 2. A reader can easily write an analogue of the theorem
5.2 corresponding to a rough decomposition.
Conclusion
It was shown the solution of the equation (1) for enough smooth right
hand side v can be represented in the form (7). It shows that in this
series the first summand belongs to the space Hs(Ca+) only. Secondary
summands can be useful for certain special situations related to some
additional properties of the right hand side v.
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